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Policy gradients
The bottlenecks of the value-based approach:

e When A is large or continuous, it is not feasible to extract the (epsilon)
greedy policy from the action-value function, i.e. by solving

a* € argmax Q(s,a).
a

o When Q is learned as a parametric approximation, a small update on its
parameters may make big and unforeseeable changes to the corresponding
greedy policy.

o Itis easier to describe an intended exploration scheme by directly modeling
the policy distribution.

The policy-gradient approach suggests expressing the policy distribution as a
parametric function y. For given set of feasible parameters ©, this way we define a
feasible set of policies IT = {mg|0 € O}. Example:

m(als) := N(alfo(s), exp(go (s)))

for neural networks fy(s) and gg with respective weights 6 and ¢'.
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RL as a policy fitting problem

Z 7'po P = Z 7'p

is defined as the y-discounted state visitation distribution (a.k.a. occupancy
measure) for a policy . Then we can express the expected return as

n(m ZW’tpoTPt r(st,m(st)) ZZW’tngt r(se, m(se))L(se = )
=0

t=0 scS
—ZZ’ytngt s,m(s 72% m(s)).
seS t=0 sES

Hence the reinforcement learning problem can be cast as

Tt € aulrgmaXZp7T (s,7(s)).
seS
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Policy gradient theorem
For a parameteric policy, we have
0" € arg maX Z Pry(8)7(8, ().
SES

Updating 6 affects the data distribution via pr,. Hence performing stochastic
gradient ascent on 7°(s, mg(s)) using samples collected from p, will not maximize
the intended objective 7(7g). Let us find its correct gradient then.

Theorem
For any parametric policy Tg, the following holds:

VoV™(s 27 Bgnpt /VNTQ als)Q™ (s,a)dalsyp = s O

Remark: This theorem only prescribes the gradient computation for a state s. It

does not guarantee a policy improvement!
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Proof cont’d

VoV™ (s)
— [ Vomo(als)Q (s.pda-+ 5 [ mulals) 3 w5, @) VoV () da

s'eS

= / VGT"@(a’s)Qﬂ-e (87 a)da + VEaNW(-\S) {Es/wp(-\s,a) [VHVWG (S/) |CIH

80=8]

+ ’ykEskprr []EakNﬂ'('\Sk) [ESkNP('\sk,ak)[vevﬂe (S%)‘Sk, ak]]\so = 3]'

Applying recursion k times yields

k—1
VoV () = D1 By,
t=0

/Vgﬂg(a\s)Q”" (s,a)da

Because V™ is bounded, so is its gradient. Hence the final term shrinks as
k—oo O
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The REINFORCE trick

Remove the integral by the following small trick
. _
VoV (s) = 1 By, | [ Vw<a|s>@m<s,a>d“]

= B, | [ (el V) g s g ]

= ——Eop,, / ro(als)Volog w§<a|s>cz”9<s,a>da]

= fEsN/’w Eomro(ls) [Vg log mp(als)Q™ (s, a)]] .

Approximate By, By (.[5), and Q™ by Monte Carlo integration. When
Q™ term is removed, we retrieve behav1oral cloning, the straightforward way of

doing imitation learning.
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The REINFORCE algorithm

repeat
D:=0 > Reset the replay buffer at every episode start
s:= env.reset()
repeat
a~ ma(:|s)
r,s' ;= env.step(a)
D:=DU (s,a,r) > Maintain an ordered list
s:=3s
until episode end
G:=0
fordot=T-1—0 > Traverse list in reverse order
(s,a,r) = DJt] > Retrieve ’th tuple
G:=v9G+r
0 := 60+ aGVyglogmg(als)
end for
until convergence
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Actor-critic methods

e REINFORCE works only in the episodic case and can update policy network
parameters after a full episode is complete. This Monte Carlo scheme will
generate a prohibitively high variance on the gradient estimator.

e One can instead maintain a value predictor alongside the policy function and
use it for bootstapping, hence speed up learning and reduce estimator
variance. RL algorithms that follow this approach are called actor-critic
methods.

e The policy function is the actor, as the actions are taken based on it, and the
value estimate is the critic as it estimates the consequences of a taken action.
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Baselines

Choose an arbitrary function b(s), called a baseline, and subtract it from the
action-value function

)Jae]
:ESNpW(, /Vgﬂ'g als) E|:/VQ7T,9 als) ]
ey | [ Vomatals)@7 (5. a)d } ‘EW? )

o | [ Vomolal) [QM(s,aﬂda}

=E

=E

Hence subtracting a baseline does not change the policy gradient, i.e. the mean MC
estimator will remain unchanged. But we can exploit b(s) to reduce its variance.
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Actor-critic methods
Choose the value function as the baseline V;(s) and do REINFORCE trick:

VoV (s) = Es~pr,

Eavro(ls) [ve log my(als) (Q (5. 0) — Vi (s))

] |

The corresponding objective for a single sampled sequence is then

T—1
0%, y* = arg raax ; [Gt - qu(st)} log 7(at|st)
where G is the first-visit MC estimate of s;. Doing bootstrapping and replacing
G — Vip(s¢) by one-step TD error 6y = 1 + YVis(S141) — Vip(s¢) via

telescoping lemma gives objective

T-1

0* * = 01 .
X0 argrg}?;{; t Ogﬁ(at|8t)
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The Advantage Actor-Critic (A2C) Algorithm
See original paper here: [Mnih et al., 2016].

repeat
s = env.reset()
repeat
a~ mg(:|s)
r,s' := env.step(a )
§ =+ V() — Vig(s)
0 =0+ ag6Vylog ﬂg(a]s)
’(ﬁ = 1/1 - OéC(SVwVw(St)
s=1¢
until episode end
until convergence

Itis also common to implement the above algorithm with a parametric

action-value function Q4 (s, a) that is used in the Bellman target calculation. This
way, it is possible to estimate the improvement of different policies over the current
one via a quantity called an advantage function A™ (s, a) := Q" (s,a) — V7 (s).
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https://arxiv.org/abs/1602.01783

Deterministic Policy Gradients

2

)y < arg mdi)n |11) Z <r + Y max |Qu(s',d)] 0 Qy (s, a))
(s,a,r,s")€D

where || 44 is called the stop-gradient operator that treats its argument as a

constant for the optimization problem. When the action space is continuous, the

max, Qy (s, a’) operation is infeasible. Instead we can simply train a separate

neural network 7g(s) to approximate this maximum:

0" = argmax B, [Qy(s, 7o (5))]-

Thanks to the stop-gradient operator, pr, is not aftected by the policy update.
Hence we can approximate the integral by Monte Carlo. The algorithms that
adopt this approach are called Deterministic Policy Gradient (DPG) methods.
They need to be oft-policy as a deterministic policy cannot explore. Common
approach is to perturb the policy output with additive noise, i.e. to use

a < m(s) + €, € ~ p(€) during training. The noise is typically a normal
distribution with zero mean and scheduled variance.
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Overestimation bias and double Q learning
Consider a Q-learning step

Q(s.a) = Q(s,0) + alr + ymax Q(s', ') ~Q(s, )]

N

Bellman target

and assume that Q(s,a) = Q™ (s, a) + £(s,a) with E[e(s,a)] = Oforall s, a.
Even under such a well-behaved type of noise that evens out when many updates
are performed, the estimated Bellman target overestimates its actual value:

Ee |7 +vymaxQ(s a’)] =E. [7“ +ymax {Q7(s',a") + (s, a')}]

=r+E, [mz}x {Qﬁ(sl’ a)+e(s,a) }]
>r+ymaxE [Q7(s,d) + (s, d')]

=7+ ymax Q" (s, d).
a/
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Double Q-learning

Maintain two Q-tables. Use a randomly chosen one for Bellman target calculation
to update the other one. This way of estimating the Bellman target provably
underestimates the true value [van Hasselt, 2010].

Qo:=0and Q2 :=0
repeat
s := env.reset(s)
repeat
m(-|s) := eps-greedy((Qo(s,.) + Q1(s,.))/2,¢)
a ~ mp(-[s)
r,s' := env.step(a)
i ~ Bernoulli(0.5)
§:=r+ymaxy Q1-i(s,d") — Qi(s,a)
Qi(s,a) == Qi(s,a) + ad
s:=¢
until episode end

until conver gence
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https://proceedings.neurips.cc/paper_files/paper/2010/file/091d584fced301b442654dd8c23b3fc9-Paper.pdf

Min-clipping

Bootstrapping causes an accumulation of both underestimation bias and the
estimator variance and double Q-learning does not help reduce the estimator
variance. To reduce the variance, do the following:
e Do clipped DQL: y = r 4+ y min(Qo(s’, m(s")), Q1 (s', m(s"))). This
reduces variance because both critics are updated and the target calculation
formula favors states with consistent values across the critic pairs.

e Use target networks for critics with parameters 1); that are trained by Polyak
averaging ¥; := (1 — 7)tb; + 7¢; fori = 0, 1.
Because the policy changes too slowly, we have |@) — y| ~ 0 and the gradient signal
is weak. As a remedy, use target networks for actors with parameters 0 that are
trained by Polyak averaging 6 := (1 — 7)6 + 76 and update the policy net
parameters 6 less frequently than the critic parameters 1), e.g. every k—th update.
The eventual double deep Q learning Bellman target is calculated as

y =7+ y[min(Qg, (', m5(s), Qg, (s, 75(s)) sg-
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Maximum-Entropy Reinforcement Learning

The training objective is to maximize

J(7) == Esp, ann(r(s, a) + oH[r(|s)]]

)
)] - aEswpﬁ,a,a’Nﬂ[logW(al|8)“
)] = aBsp, ot nrllog m(a'|s)]]
r(s,a) — alogm(als)|]

\‘CIJ
S

with respect to the policy 7 for some o > 0. The rationale is to seck for the most
exploratory policy that maximizes the expected return.
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Policy evaluation with a soft Bellman target

Let us build an actor-critic algorithm for this objective following the principles
above. Let us first define a soft Bellman operator to be able to define the Bellman

error, that is the build the critic T"Q™ (s, a) := r + yE« [V (s)] with
V(s) = Egur|Q™ (s,a) — alog(als)].
Then the Bellman target is
T"Q™(s,a) =r+vEy #[Q7(s',a") — alog w(d'|s")].
Applying the principles introduced above, we attain the following Bellman target:

y =1+ Eanamin(Qy, (s, 75(s"), @y, (s, @) — alogmg(a'|s")] ] -

Then the optimization problem for the critics can be expressed as
Vi < arg ml/%n IE(s,a,r,s’)eD [(T + UEa’NTr [min(Qqﬁl (5,7 W@(S/))a QJ;Q (S,a a/))

~ alogmy(a/]s)] ]y ~ Qu(s.)) |, i=1.2
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Training a soft actor

The target policy distribution can be derived from the learned action-value
function as follows:

Qu(5:) /o
—

7}(.3 =

where Z = [ €Qv(53)/%{q is the normalization constant. Then the policy
network is trained to minimize its Kullback-Leibler divergence to this target policy

Drcr(mo(-|s)[|7(-]5)) = Eanr, [log mo(alm) —log 7 (als)]
= Bann, llog mo(alm) — Qu(s, )/ + 7]
X anﬂg [a logﬁe(ah) - Q¢(S’ )] .

Itis common to choose Qy (s, a) := min(Qy, (s,a), Qy, (s, a)). Then the
optimization problem can be expressed as

0. < arg IIleiIl ESND[ECLNTI'Q('ls) [a log W@(a‘ﬂ—) - min(Q?M (57 a)? Ql/lz (87 CL)H
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Reparameterization

The expectation on the actions is taken with respect to a distribution that depends
on 0. Since the gradient of a random sample does not exist, we need to find an
alternative expression for the data generating process that takes a sample from a
distribution the parameters of which do not depend on ¢ and transforms this
sample by a deterministic function later:

a~mo(ls) e~ ple),a=fols,e).

This technique is known in the literature as the reparameterization trick. It is
implemented in PyTorch with the rsample () function. Replacing the sampling
process of @ this way, we get an optimization problem that can be solved by
gradient descent

0. argmin By p[Ecplalogm(fo(s, €)|m)

— min(le (S, fG(Su 5))7 Qd}g (S’ ff)(sa 8))“
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